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This report is intended to provide for non-expert readers a
swvey of natural and man-made neutrino sources and a critical review
of various methods which have been proposed for their detection.
vetection methods may be divided into two classes, those which have
very modest performance and might actually work, and those which
promise spectacular performance but violate the laws of physics.
Emphasis in this report i3 on the second class of methods. The
purpose is not to describe in detail what is possible, but to
establish firm limits beyond which all schemes for detection
capability are impossible. The last two sections of the report are
for advanced students only and should be skipped by the non-expert.
They provide precise mathematical statements and proofs of the limits
which the laws of physics impose upon neutrino cross-sections. The
limits are neither simple nor obvious. Consequently, it may be
useful to have their technical justification here put on record.
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1.0 SURVEY OF SOURCES AND DETECTION METhODS

1.1 Sources

The wecrld is awash in a flood of neutrinos.* They arise from a
variety of origins, steady and episodic, natural and man-made. It
would be of great scientific, and potentially of military and indus-
trial importance, if more sensitive means than are now available
could be devised for detection of neutrinos. There is a substantial
community of scientific workers who are constantly on the lookout
both for refinements in existing techniques and for breakthroughs.
The discovery some years ago cf "neutral current" interactions led a
number of people to contenplate a new class of schemes based on
macroscopically "coherent” detection. '"Coherent" here means that the
atoms in a detector work togetner to produce a result larger than the
mere addition of the effects that would be produced by the individual
atoms., Subsequent analysis, however, has shown that the anticipated
sensitivities were in the main vastly cverestimated. On the basis of
all that can presently be forescen, the pest bet stili is to wnrk at
steady improvement of macroacopically inconerent neutrino detec-

tion. "Incoherent" means that tne atoms in the detector work

* The word neutrino is used generically in the text to denote
antineutrino (v) as well as neutrino proper (v),
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independently to produce a result which is just the sum of their

individual contributions.

The most spectacular of the natural sources of neutrinos (and of
much ¢lse) was the big bang and its early aftermath (the first second
or so). According to standard theory, relic neutrinos left over from
those eariy times are still around in large numbers, with isotropic
fiux, equal for v and v , of about 1012/cm2 -3ec. The energies,

~ lo-u ey, are very tiny. Nobody has the faintest idea how to build
a detector that would be sensitive to these cosmic background neu-
trinos. Our cwn sun is a {presumably steady) source of v's ,
ranging in energy up to about 10 Mev. The net flux at the earth is
predicted to be =~ 6 x 1n1o/cm2~sec . The celebrated, long-running

2 is sensitive only to the rather

soiar neutrino experiment of Davis
small fraction of v's with energies above =~ 1 Mev , From time to
time supernova explosions must inundate the earth with fraction-of-a-
second bursts of neutrinos peaked in the 10 Mev energy region. For
"nearby" events (within our own Galaxy) one expects the onslaugnt to
come to as much as 1012/cm2 at the earth. 1In addition, the accumu-~
lated output of all superrnovae over all past time should add up to a
steady isctropic background of neutrinos, peaked in energy at a few

Mev (remember the red shift), with isotropic flux of about

5 X 105/cm2—sec , equal for v and v . The earth itself is a rather
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abundant supplier of v's , produced in radioactive decay processes
within the earth's crust. Such crustal radioactivity is thought to
be the major source of heat energy generated in the earth. The Dby-
product v's span an energy range up to a few Mev, with net flux at

the earth's surface of about 107/cm2—sec

Figure 1-1 is taken from Krauss, et al.] It shows the steady-
state flux spectrum of v and Vv at the eartn's surface taking intz
account the sources noted above. Clearly, there are great scieutific
issuecs at stake in attempts to detect these neutrincs: early cos~
mology, solar burning, supernova physics, terrestrial geology, and--
above all--the unexpected. What has in fact been detected so far in
the Davis experiment;. is a rather limited number of solar neutrino

events, with the tantalizing finding that the rate is smalier than

expected by a2 factor of about 3, at a 3 standard deviation level.

Man-made sources include, e.g., the Savannah River 18C0 MW
10

reactor., It corresponds to a 10 curie source of \'s , 1.e., it
produces about 3 x 1020 v's every operating second, giving a flux
of abnut 2.5 X 1013/cm2-sec at a distance of 10 meters. A 150 kilo-

ton nucliear explosion generates about 2 x 1025 v's , In a pulse
extending over minutes. One can clearly imagine security and treaty
verification reasons why it would be of the greatest importance to be

able tc monitor at a distance the v's generated in reactors or

1-3
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explosions. Neutrinos are also manufactured in high energy particle
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iyt

accelerators, They arise as decay products of pions, K-mesons, and

7
o [y

other unstable particles produced in the primary collisions of high :;::Tq
A,
energy protons incident on target nuclei. Neutrino energies ranging ::#i;t
AN
st
up to several hundred billions of elecitron volts have been achievea, gu:\j\
Pl.‘_—‘-
1 . 4
with up to 10 3 neutrinos produced in a short burst, several bursts [y,
N

e
per minute. The far-out possibility of using ultra-high-energy neu- g&ﬂu‘,
‘i‘jQ:'
. trinos to probe beneath the eartn's surface for oil and more general NENTNS
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: ]
: geological enlightenment has been canvassed Ly several high energy p:Jc,:
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et ot i." ) P
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Here (A,Z) denotes a nucleus with Z protons, A-Z neutrons. The
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strength of any particular reaction depends on the nuclear states
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involved and cn the energy of the neutrino. It is summarized by a
cross section o{E), wnere E is the neutrino energy. If F is the

incident neutrino flux, N the number of target atoms irradiated, -
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o(E) the relevant cross section, then the rate R of events of a o
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the final and initial nuclear states are the same) that have the most

favorable cross sections. This i3 so because the neutrons and

protons in the nucleus contribute coherently for this case (it or

Rl o
X
s

happens that the neutrons dominate over the protons). Note that we

-
'lx,
4

v
??

-
hY

Abv

are here speaking of "microscopic c¢coherence," the coherence of
scattering by the constituent particles within a single atom. This
is a very different thing from the "macroscopic coherence" which we
mentioned earljer, the coherence of scattering by a huge number of
atoms within a macroscopi? detector. Microscepic coherence {s easy
to find in natwe. It {8 macroscopic coherence that is difficult to
arrarge, at least in the case of neutrino interactions. The c¢ross

gsection is given, approximately, by

2
G 2 2 -45 2 E 42 2
o = (A-D)7 E” = 4x 10 (A-2) (—-Mev) em® (1.8)
where G = 1O~u9 er‘g—cm3 is the so-called weak coupling constant.

Coherence of the neutrons is reflected in the fact that the neutron
number A-Z appears squared in ¢ . That neutrino interactions are
weak is reflected in the fact that § i3 so tiny (and it contributes
in the square). Elastic rn ~ino processes, especially in heavy
nuclei (so, large A-Z), may have the most favorable of c¢ross
sections. For detection purposes, however, there is the disadvantage

that the final and initial nuclear states are identical, so one

1-8
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cannot reccgnize that an event has occurred on the basis of tdentify-
ing a distinctive reaction product. Moreover, for neutrinos in the
Mev range, the recoil nucleus carries little energy (at most a few

hundred ev), not enough to produce discernible tracks.

Q27

For neutrinos in the multi-Gev range, neutrino coilision

processes cover a much wider range of possibilities. Many different

)
)

)

Pl

l,
Pt

Y e
‘.I P -"
Ny
] o]

, final state channels are possible--states containing various multi-

5
22

plicities of pions, kaons, and other reaction products, along with
the debris of the target nucleus. Cross sections for {ndividual

¥ reactions tend to decrease with energy, but the total cross section,
summed over all cnannels, again grows quadratically with neutrino

38

[}
. energy. For neutrinos on a proton target the cross section ls
, roughly ¢ = 107 cm2 at E = 1 Gev . In the many-Gev range the

¢ross sections are becoming substantial (though still small compared

to proton-proton collision cross sections) and neutrino reaction

0
J
J 3tudies are indeed a major activity at several of the large accelera-
' -
tor centers. , . ®
LIPS,
Ly I S S
: NG
- F.F‘"ﬂ
(4 I I
e 1.2 Detectors e
-.‘_' 'l.¢:‘.‘-.
, L
. ., g
2 We are concerned in this Primer with detection of neutrinos in {h;:;:
’
o
.

the Mev r nge. This is the range of energies relevant to neutrinos

R
LR

produced in reactors, bombs, and the sun. Detection in the Mev range
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is enormously more difficult than in the Gev range, not only because
the cross-sections are a million times smaller, but also because the
effects produced by a single neutrino interaction in the Mev range

are smaller and less easily distinguished from background.

It is convenient to begin our survey of real and hypothetical
neutrino detectors by dividing them into four classes according to

the various principles underlying their operation. The four classes

are (i) Coherent Linear, (2) Coherent Quadratic, (3) Incoherent

=
.
.

.

Radiochemical, and (4) Incoherent Physic¢s. The coherent classes are

>y
«
~ e

N
A
24

those which attempt to take advantage of cooperative effects of the

Ny
’l'
~

Et
E.
<

atoms throughout the volume of a detector. The incoherent classes
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.
.

e
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h

Pd e
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are those which look for effects of neutrinos interacting with atoms

e
‘l
4
Al

Y
<
ge

.;

orne at a time. Coherent detectors offer the hope of spectacularly

. {.(

t.
£

g
!

Ltetter performance if they can be made to work at all. Incoherent

2
3

detectors are known to work but have very modest performance. The s; e
ReSen
e

main result of our investigations is to demonstrate that coherent Q,LQ?:

2
=
P

detectors do not work. The superior performance that they promise is

R
o3
o
]
Y ]

T
%
2

_'4' s
Pl

5

(A

illusory. All real detectors are limited to the low counting rates

characteristic of incoherent detection.

%
5

—
B
i

vk

The reason for the modest performance of incoherent detectors is
that their rate of detection 1s proportional to NGZ. where N is the

nunber of atoms In the detector and G is the weak coupling-constant

1-10




WE JY /T JE BN WE @l s "SRy TS TeTsSTMATEMETeT R AEe & "&; "% € & < & =S|/ 2m /=], 7, = o wme o= e e

N

which appears in the single-atom cross-section (1.8). In a macro- '\*qﬁc
S ia
scopic detector, N will be a large number, of the order of 1029 per N ‘\;q

ton of mass, while G is exceedingly small. The two types of coherent

Y

- »
e E’
st. & >y

detector attempt to escape from the N02 law in different ways. The

Ps
v

&?ﬂ
coherent linesr class tries to detect directly a physical quantity EEQSQ
that is linear in the weak interaction. The performance of a : ;‘
c¢ocherent linear detector will thus be proporticnal to NG. The §§§§f
coherent quadratic class tries to detect effects that are coherent EE:;EE
over the detector in cross-sections that are quadratic in the weak $£?{;

La "

\\%‘;ﬁ

interaction. rhe performance of a coherent quadratic detector is
proportional to NpGQ, with a power p greater than 1. Hypothetical

detectors have been discussed with p = 4/3, p = 5/3 and p = 2.

~
N
\
-1
Fs Coherent linear detectors are described in Sections 3 and U of
R this Primer., Coherent quadratic detectors are analyzed in Sections 5
f and 6. It turns out that they fail to be practical for very
., different reasons. Coherent linear detectors fail because their
* sfgnal-to-noise ratio i{s proportional to (T/Tw), where T is the dura-
‘. NN
ﬂ ticn of a measurement and T  1s the "weak interacticn time" ;iuiﬁ
“ e
L AN
- f: i ’ “-‘.‘u’_
. T - 29_ . (1.9) foa .
W GF b P l.
o Las o
at ’
x S
.-." "'?“x"
:. Here h 18 Planck's constant, ¢ the velocity of light, G the weak Te o
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interaction constant, and F the flux of neutrinos to be detected. It
happens that Tw i3 an encrmously long time for any reasonable value
cf the neutrino flux F. For example, if F is 101u neutrinos per

2

cmsec, T, is 1011 years, Coherent linear detectors would work beau-

W
tifully if we could observe for a time comparable with T 6. Unfor-
tunately, we do not live long enough to make the observation. The

failure of coherent linear detectors is not a failure in principle.

They fail for quantit::.ive reasons, as explained in Section 4.

The failure of coherent quadratic detectors is of a different
character. As explained in Sections 5 and 6, they fail not for quan-
titative reasons but because of the poor quality of all existing
sources of neutririos. Coherent quadratic detectors would work very
well if we had a source of neutrinos perfectly collimated in direc-
tion and perfectly monochromatic in energy. Unfortunately, all
existing or contemplated neutrino sources have a substantial spread,
either in anglie or energy or both. With sources which are spread in
either angle or energy, conerent quadratic detectors do not have any

substantial advantage over incoherent detectors.

We conclude this Introductory survey with a description of the
two types of incoherent detectors. Both types have been used suc-
cessfully. Incoherent radiochemical detectors use chemical methods

to separate and identify the radioactive atomg produced by neutrino

1-12

M. wW. . W

[
!
[
!

[
J

L
o
Lob =L =f

A

BEE

RO
5% o :'
R A

4K

he
<

Rl

LTI
N .
/
% .
< Pl
LS A

LA

'.
-
[

Ny




Ll TR e e AT e T WA W2 TETAEFRE TN TEME TR, Ve Ty T Te . v e N v TR WS e A=A T e T T E o=

& .
R
R A o

4
II:’::_‘.

I
4

v e
1's
»,

)
ek

Pd
Yy
Pl 4

55

Y

AL O
ke,
.
<

, _
f‘. L Tl Y
o

o
LA
PR

V.
h )

" interactions. The prime example of a racdiochemical detector is the

¥

'.,\

25
Py

L
(‘.

q.
’

1

Davis detector using the reaction (1.7). The detector consists of a

large tank full of 1liquid 02C1u' The tank with the associated detec-

CSCAA
h " .-\.--‘:‘
o tion equipment is installed in a mine deep underground to shield it &:i;“
.o -~ ,,'.'
e LU
:f from cosmic rays. The radiocactive Argon 37 atoms are collected by gf\f

q

bubbling helium gas through the liquid. The Argon atoms are carriled

along with the helium and are then separated from the helium in a

% S S
T
LTS

,.; cold trap. After several stages of separation and concentration, the b ¢
-:ﬁ argon atoms are finally put into a tiny counter where they sit until ”@:5
ig; they decay. The argon decay events are recorded by the :c~unter. 0%55

N N
::; Because the detection process depends on the peculiar chemical . )
¢$ physical properties of argon, the detector has excellent discrim-

B
;:: ination against background events produced by cosmic rays and natural
"
%é: radiocactivity. The advantage of good discrimination is counter-
5;% balanced by two disadvantages, low sensitivity and lack of
.gé promptness. About a month elapses on the average between each
e
?;iz neutrino interaction and its detection. The reaction (1.7) has a
.735 threshold at 0.8 Mev and so the great majority of solar neutrinos is
,(ﬁé not detected at all.
pooY
d 5’.,‘
ot Davis and oti.ers have made plans to build alternative radio-

. R
.Ei; chemical detectors with lower thresholds and higher sensitivity than %EE§
;:3 the chlorine-argon detector. The preferred candidate {3 a gallium ?:33

Gy *
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detector based on th2 reaction

v+cal +e + GeT . (1.10)

This has a threshecld at 0.2 Mev and should detect solar neutrinass at
a rate of 10 per ton per year as compared with 0.2 per ton per year
for the chlorine-argon detector. Unfortunately, gallium is expen-
cive. Because of the high cost of gallium, present plans to build a
galiium detector are on a modest acale, giving overall counting-rates
comparable with the Davis detector. Because of the small cros-=-
sections for nuclear transmutation processes such as (1.7) ana

{1.10), all radiochemical detectors nave low sensitivity.

Incoherent physical detectors are designed to detect promptly
the immediate physical effects of a neutrino interaction anywhere
within the volume of a detector. The first detection of nesutrinos

y

from a reacter by Reines and Cowan® in 1960 was done with a pnysical

detector, a large tank of hydrocarbon liquid with instrumentation to

[
detect the positrons and neutrons produced in the liquid by the reac- f}?iffzj
) LI ) i
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Tnis detector succeeded in detecting neutrinos at a distance of gkd

10 meters from a high-power reactor at Savannah River.

All physical detectors have the advantage over radiochemical

Y, 0, R F S-S S

v
3

% Wy
'l
[N
"

detectors of giving prompt detection of events. They usually have -

e
- \A
Ef/ .
. -" >

also an advantage in sensitivity. Their disadvantage is their lack

-
o
-

)

of discrimination against background events of all kinds.

L.
LN
Xt e x)

- q
o
RZ

) An 1deal physical detector should detect the elastic scattering
* neutrinos by nuclei, since this process has a larger cross-~section

than the inelastic processess (1.7), (1.10) and (1.11}., The alastic

20 S
.
e S

e
..J|
scattering cross-section is given by (1.6). A detector operating ::j
[P R
with this cross-section, and using a heavy element with Qgﬁ
N
2 G
. (A-Z) | Cagl
N E
& 1.
s as the scatterer, will detect solar neutrinos at a rate of about "ﬁ
'. O, ("
- : & x 10" per ton per year. This is an ideal upper limit which will %
] 1
N not be approached for a long time, if ever. 7
DY .’ﬁ
n_f:"'
e Drukier and Stodolsky3 were the first to propose a physical Egi
Ay y
-~
;’ detector ‘n which the reccil energy of a nucleus in an elastic¢ neu- *
d‘h_- . .
j}k trino scattering event is detected. They call their scheme gsg
ﬁij e
Ll "boiometric", since it detects the total energy deposited in the ;&;
e T
» |
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detector by a neutrino interaction. The idea is to use small

oY,

‘?n

“J

R

(micron-sized) superconducting g@ains placed in a magnetic field just

below the critical strength. The heat produced in a neutrino event

.,.,.
’ 7 ~._’.'-j’-:’J.

is supposed to be able to flip the grain frcm the superconducting to

P
»

.
NN
o
a

SeSyr
<
&

the normal state. Such a scheme, ir it could be implemented, might
constitute a large advance in sensitivity. But there are many *
technical obstacles still to be overcome before a prototype detector

could be built.

A different kind of bolometric neutrino detector, also using

"
/.

,.C
(%

o

physical detection and working at low temperature, has been proposed
by Cabrera, Krauss and Wilczeks. They observe that silicon has an

unusually high Debye temperature. At very low temperature3 this

S

implies that a small deposition of energy produces a detectable rise

R

in temperature. For example, a one-kilogram block of pure silicon at

&
Fd

L 4
<y
I'i
25K

1073 degrees Kelvin will rise in temperature to 4 x 1073 degrees

s
.

':l ]
-i'ls
A

after absorbing 100 Kev of heat energy. This is the energy carried

Ass
W

by the electron in a typical neutrino-electron scattering event for

e
7
»

neutrinos with less than 1 Mev of energy. The electron comes to rest

’

—b"‘-
. - .
v, »

A s
2 E medn P o

.

X

in a very short distance. 1Its energy is mainly converted into

-y
P
EVF}
L

phonons in the silicon. Ballistic phonons t - nsport the énergy

.‘,.
a

e
%
’l

promptly from the electron track t¢ detectors on the surface of the AN
AN
oty
block, and ratse the temperature of the entire block for a few N '_f'
,'.";-.'-:('
XA LY A
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milliseconds. A neutrino event could be registered by direct
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o
e
.
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detection of the ballistic phonons or by measurement of the rise in

temperature. The former alternative would serve to localize the

w oy
N
ﬁ'(a
2
T LN

event within the silicon block. One of the virtues of silicon, in

s
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”
»
v
e

\)ﬁ"\ o
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addition to its small heat-capacity at low temperatures, is its ready

availability in nighly purified form. Radiocactive impurities are a

Pe

matter of great concern. How far the sillicon detector scheme can be

o«
2o P

pushed may be limited by the disturbing background decay of the

T g
L
Ea/ :

| ) KA

radioactive lsotope Silicon 32, emitting electrons with energies up

>3
55
4

to 200 Kev with a half-1life of 650 years.

Sk

The Cabrera proposal raises hopes that we may achieve a sensi-
tivity substantially higher than radiochemical detectors can offer.
For solar neutrinos, the Cabrera scheme gives a theoretical counting-
rate of 300 per ton per year, a factor 1000 better than chlorine-~
argon and only a factor 200 short of the ideal upper limit. It is
likely that a Cabrera detector can actually achieve its theoretical
sensitivity. It is much more doubtful whether it can achieve ade-
quate discrimination against background events. If a Cabrera detec-
tor is to be scienti{fically useful, it must be extraordinarily well
shielded against ambient radiation, and it must be built out of

materials of extraordinary chemical purity.
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The development of the Cabrera neutrino-detection technology is §§E
likely to yield rich scientific dividends. It will bring important §§E
new possibilities to particle-physics and to neutrino-astronomy. Fvé
However, it is important not to expect more from it tham it can Efs

y\ deliver. At the best, if the technology fulfills all our scientific ﬁ;%

! hopes, the development of it will be a slow and arduous process, an r{:

.

2‘ unending struggle to beat down one after another of the many possible

ri sources of spurious background events., Like the Davis chlorine-argon

&: detector which had to contend with many of the same difficulties, the P

3; Cabrera detector will measure its progress in decades rather than in ii_g

-\‘ years. Like the Davis detector, the Cabrera detector will have to E:EZ

E’ sit deep underground in order tu be adequately shielded from cosmic- :‘t‘

;j rays. It is utterly unrealistic to imagine a Cabrera detector, or Egif
o

.
L &
L

o

S~
o
T

any other neutrino detector of high sensitivity, operating in the

-
04
'.l

exposed environment of an ocean-going ship or suomarine.

S

EE Reference 6 is a review of the incoherent neutrino detectors, g;z;
y radiochemical and physical, which were in various stages of study and iﬁ};
EE development in 1984. Since that review was written, a new and impor- &;£?
N, .
E& tant project has been launched to build a physical detector consist- )
- ing cf 6500 tons of liquid argon in an underground laboratory in

iy

Italyy. The det.ctor has an estimated sensitivity of 0.5 event per

ton per year, far below the sensitivity of the Cabrera detector. But
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argon is cheap and easy to handle in large quantities. The idea of DI

the argon detector 1S to use the argen not only as the target but as ‘e;ﬁ?@

L
the working medium of a drift chamber, exploiting the great progress .l,\,')\._'!

5
v
oA

that has been achieved in recent years in drifting electrons over

s v

large distances. The inelastic reaction

y
5
'y

v o+ Aruo -0 ¢ K“o (1,13)

q-‘Y : o '_“::‘ ,'L

&,
5
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.80

and the elastic scattering reaction

AN
“w '—'f:":'"
h
.l [ ] .
T

vte+v+tae (1.14) .4'-"':

:

(q¢¥
AL
AN

yas
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LA

produce fast electrons which leave behind tracks of ionization-

a . LR N\

electrons in the argon. The {onization electrons are then drifted by

P S
é 5'-"'
l')l « LA_’:’\.

2]

R
5

R electric fields to a distant electrode which records their positions

%

! and times of arrival. Timing and location on the electrode plane

Pl d
’?‘:
L

&d

<y
&
oz

» allow us to reconstruct the direction and energy of the outgoing
electron in the neutrino event. The directional information 1s
especially helpful because it is correlated with the direction of the

incident neutrinos. The electrons produced in the reaction (1.12)

4 have a broad angular distribution, while those recoiling in the reac-
".\‘.

&t tion (1.14) are much more strongly peaked in the direction of the

"

w:? incident neutrino. The argon detector has the disadvantage of low
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sensitivity. It can detect neutrinos only above a high threshold
energy, about 5 Mev for both the reactions (1.13) and (1.14). This
means that it can detect only about 12% of fission neutrinos. It has
several compensating advantages. First, it gives detailed informa-
tion about neutrino energies and angular distributions. Second, it
has gooa discriminaticn against background. Third, it is prompt.
Fourth and most important, it has sufficient scientific and political

push behind i*% to get it built and operating within a few years.
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2.0 SEARCH-RATE OF AN IDEAL INCOHERENT DETECTOR

Suppose that we are using a detector, with a total cross-
section T for detecting a neutrino, to search for submarines. Each
submarine is assumed to emit N neutrinos per second. Suppose that we
require at least k detected neulrinos to claim detection of a
submarine. Then the search-rate for detecting submarines is

N
ST e ta.1)

YN TREYC TR, TE-—m— e s T

Note that this search-rate has the dimensions of area per second. It
measures the area of ocean that can be effectively searched per
second. Note also tnat the search-rate {3 independent of the

velocity of motion of the detector. The faster the detector moves,

the narrower the strip that it can effectively search. Note finally

T

i Y

that the smallest possible value of k is k = 2, Accerding to (2.1), Fﬁ&:
o

the search-rate for k = 1 i3 infinite, but this Infinite search-rate g?,;*

only expresses the fact that single neutrinos will be detected most

A5

probably from submarines at very large distances. The divergence of

)

(2.1) for k = 1 is merely a statement of Qlbers' Paradox, that in an DY
:.’f'f?./:' [
. infinite uniform ocean with a finite density of submarines the flux - “,1
- v,y
f of reutrinos will be infinite. Neutrinos detected singly at very Q bf ,
v \V,-S'Ql;.c"-
o h !
Y large distances do not give any useful information. The assumption ;
'
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that kK = 2 can be used for effective detection is of course
exceedingly optimistic. 1In reality the possible value of k will be

determined by the backgrcund noise level of the detector.

Proof of (2.1). For a detector proceeding along a straight

track with velocity V relative to a submarine and with distance b of
closest approach, the expectation-value of the number of detected

neutrinos will be

NL dt NI
ne — — o —— (2'2)
4 j b2’V2L2 4by

The probability for detecting m neutrinos will be given by the

Poisson distribution

p -8 | (2.3)

The width of the strip along both sides of the track within which m

neutrinos are detected is

Wow2 | Pmdb-% [ p
(o) o)

IC‘
o3

=]

N T (2.4)
2V m(m=-i) °
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n,! The search-rate for detecting at least k neutrinos is bﬁ‘ \
») \ib
AT AN A
% 'E‘Z\‘g‘\
[ )
o S = V(wk L R ---) . (2.5) bRy
2, Nt
" v
5 R
” Equations (2.4) and (2.5) together imply (2.1). b
g*t?
: ' Numerical values. An ideal incoherent detector is an apparatus uj
35 whicﬁ detects infallibly every neutrino which impacts the theoretical
A0
cross-section
o,
'E; 19 a8 L E .2 W 2
-,3 I =2.4¢10 (_A_) (M—e_v) (?O-IT\) meter (2.6)
*
L
;;} of the detector, and 1s untroubled by background effects. In (2.6),
o
$b A and Z are the mass and charge numbers of the active ingredient of
v the detector, E ls the neutrino energy, and W is the detector mass.
,jy The cross-section (2.6) is calculated for elastic neutrino
e
;ﬁ: scattering. All other neutrino interactions have substantially
>
v smaller cross-sections accoraing to the presently accepted theory of
WA
3}! weak interactions. The ldeal incoherent detector represents an upper
Lo,
S limit of perfcrmance which cannot, to the best of cur knowledge, be
Y swpassed.
DAY
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Since all terrestrial matter has

==l < 90, (2.7)

and the neutrinos from a submarine reactor have a continuous energy-

spectrum with

CEZ> - 2(Mev)Z, (2.8)

the cross-section (2.6) is at most

17

£ =43+.10 'w (meterz/ton). (2.9)

The output of neutrinos from a fission reactor of power P (thermal)

is
17
N =55+ 10 P per megawatt second . (2.10)

Putting together (2.1), (2.9), and (2.10), we find the search-rate

S s — , (2.11)
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with S measured in square kilometers per day, P in megawatts and W in

tons. In the most optimistic case k = 2, we have in these units,
S = PW . {2.12)
Reasonable upper-limit values for P and W are

P = 100 Megawatts, W = 100 tons . (2.13)

Then (2.12) gives

s = 10" (km2/day) . (2.14)

This is a performance comparable with a good sonar system under
favorable conditions. So we have reached the conclusion that the
theoretical upper limit of performance of an i{deal incoherent

neutrino detector i{s about the same as the performance of a good

aonar.

This conclusion should not be misinterpreted. It does not mean
that any real neutrino detector i{s likely to come close to achieving
a search-rate of 10u sz per day. It means only that there is no

possibillity that any real neutrino detector can do substantially
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better than this. 1In reality, any practical neutrino detector will
need many more than two neutrino events in order to locate a
submarine. It must detect neutrinos against a variety of natural and
self-generated backgrounds. For neutrinc detectors as for sonars,
the limite to the performance of any practical system will be set Ly
background levels rather than by the ideal sensitivity of the

instrunents.

If we are detecting a nuclear explosion rather than a reactor,

the formula analogous to (2.1) is

NI

U= 5t

(2.15)
Here U is the area within which at least k neutrinos are detected,
and N i{s now the total number of neutrinos emitted in the
explosion. The equation analogous to (2.11) is
Y

U= 22 =1 (2.16)
with the area U measured in square kilometers, the fission yield Y of
the explosion measured in kilotons, and the active maszs W of the
detector measured in tons. Again, for any reasonable values of W and
k, the performance of an ideal neutrino detector compares unfavorably

with the performance of a seismic detector.
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3.0 HISTORY OF PROPOSALS FOR COHERENT DETECTION

JASON became involved with the problem of neutrino detection as
a result of a proposal submitted to DARPA by the Raytheon Corporation
in 1984. We ccntinued to be involved in 1985 as a result of a propo-
sal to OPNAV-095 by Professor Joseph Weber of the University of
Maryland. We reviewed both proposals for their respective sponsors
and advised against their funding. As a response to these conten-
tious proceedings, DARPA asked us to write a general assessment of
the state-of -the-art of neutrino detection, to explain in general
terms why tne claims of Raytheon and Joseph Weber could not be

correct. The present Primer i3 intended to provide such an assess-

ment.

Both the Raytheon and the Weber proposals were for coherent
neutrino detectors. The Raytheon proposal was a ccherent linear
scheme, the Weber proposal was coherent quadratic, in the terminology
of Section 1. Our official reply to the Raytheon proposal is con-
tained in JASON document JSN-84-1000, submitted to DARPA in
August 1984, OQur reply to the Weber proposal is contalned in docu-
ment JSR-85-210, submitted to OPNAV-095 in July 1985. Our judgment

was that both proposals were flawed by gross errors in theoretical

analysis.
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The Raytheon proposal came to u3s in several versions and

~ <
-
-

.
s
3

=

included several different detection schemes. Part of it was unob-

ol

Jectionable, being merely an impiementation of the Drukier-Stodolsky

Yo
ﬁ?
S

7.
x

scheme for incoherent bolometric detection as described in

5

Section 1. The novel part of the Raytheon proposal was concerned

&

with coherent detection, using a super-sensitive magnetometer to
measure the magnetization induced in a sample of magnetic materijial by
the coherent coupling between the material and a beam of neutrinos.

After investigating this mode of coherent detection in detail, we

concluded that {t is unworkable. The details of our analysis of it

-‘Q AL

n, []

are explained in Section 4. Coherent magnetic detection is an
example of a phenomenon which occurs frequently in the history of

science: a clever and beautiful idea killed by stubborn facts.

The Weber proposal promised even more spectacular results than
the Raytheon proposal. Weber claimed that by using a perfect c¢rystal
of sapphire as a coherent quadratic detector, he could obtain detect-

able signals from the neutrinos emitted by a sample of radioactive

)
P
Ny

tritium in the laboratory. Moreover, he claimed to have actuaily ?*hj&

LY :\‘_&
a
Sy
TN

carr‘ed out the experiment and obtained positive results. He even

M
A
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e
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claumed to be able to block the neutrino beam by interposing a second . _"_0_;

oy

sapphire crystal between the tritium source and the detector :*'525
L

.5'."::
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(pt il
7 .\r"
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crystal. He observed the detector signal going up and down as the
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incerposed crystal was moved out and in. These experimental results, “QEQE§

with a theoretical analysis to support them, were announced in a ¥

T

published paper1. If one believed Weber's claims, the consequences
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X

’ %(\l
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would be startling. The cross-sections implied by his tritium
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results were about 1020 times larger than the c¢ross-sections

4

predicted by orthodox physical theory. If such large cross-sections

were real, it would be an easy matter to detect neutrinos emitted by

submarine reactors at distances of hundreds of kilometers.

Weber's claims naturally caused concern among responsible offi- LN

T
AN
cials in the Navy. The officials, quite rightly, took these claims bfkﬂé
Rt
seriously. They saw one distinguished professor of physics with a q
A
published paper making these claims, and a number of other distin- g:aig
aeid g
guished prcfessors of physics saying in private that the claims were _5?Q?Q
Ry
nonsense. How could the Navy tell who was rignt? If it should -
W
] happen that Weber was right, it would be a matter of life and death g;:Tx
a0k
i J “.h. .I
for the submarines. So JASON was asked to study the question hi} S
thoroughly and dispassionately. It was not enough to state our | 4
£r
A [ P i)
A opinion that Weber's results were incredible. One Navy official said ﬁ%»ﬁ:
: ~ N - "-’
h to us: "Didn't Lord Rutherford say that the idea of practical use of i
S < -'..f Lg%
ot W HVA
nuclear energy was moonshine? And are you JASON professors smarter ' q
: it
ﬁ than Rutherford?" To justify our belief that Weber was wrong, we had *5$‘”
K a9
" oql"- j
. to go back to fundamentals and work through the theory of the .ﬁyﬁ;j
;i e
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interaction of neutrinos with crystals from the beginning. We had to
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establish firm mathematical upper limits to the possible magnitude of

.
-
v

neutrino cross-sections. The results of our investigations are
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recorded in Sections 5 through 8 of this Primer.
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After a year's work, our conclusion is unequivocal that Weber is
wrong. Weber claims that his sapphire crystal is a coherent quadra-

tic detector with N atoms giving neutrino cross-sections proportional

tt‘

to N202. Furthermore, he observed a force produced by the neutrinos
interacting with his crystal. This means that his detector measures
a transport cross-section, a cross-section for transferring momentum
between the neutrino and the crystal. We studied the theory of
coherent quadratic detectors in two ways. First we made a straight-
forward calculation of the effects of coherent Bragg reflection on
neutrino interaction with c¢rystals. This work is summarized in
Section 5. Second, we made a major effort to prove general and
rigorous theorems setting upper bounds to neutrino cross-sections.
The theorems and proofs are displayed in Sections 7 and 8. The main
practical consequence of this work s that we can say with mathema-
tical certainty that coherent quadratic cross-sections of the magni-
tude claimed by Weber d¢ not exist. For any scurce of neutrinos with
a wide energy-spectrum, such as a tritium source or a nuclear

reactor, the possible magnitude of a transport cross-section in a
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detector with N atoms is bounded by NGZ. The force exerted by neu-
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trinos on a crystal in any experimental situation similar to Weber's 'f@ﬁf'

phenadicad o

will be far too small to be observed. “’Q'%
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4,0 COHERENT DETECTION BY MEASUREMENT OF TORQUE WY

Neutrino cross sections are small because they are proportional

‘."
l_l._.
\f’s{j
POV S

Pd

to the square of the small coupling constant G. With the discovery

”
5 %S
P

Sy
rJ

s
.
Pd

of neutral current interactions in the 1970's, one was led for a time :}
to the hope that observable effects to first order in G could be pro-
duced in macroscopic detectors. The idea is this: with neutral cur-
rent interactions one has the possibility of forward elastic scat-

tering, coherent over all the target particles in the detector. One

can then characterize the passage of a neutrino beam through matter

. by an index of refraction n difrferent rrom unity, where n - 1 is
'
] . : - . :
i linear in G and in the number density o. target particles. A neu- ] L
TN
‘ , NV
; trino beam carries momentum. For n = 1 one expects refraction of NN
v ’ a {'
] IA.f !
’ the beam in the passage through a piece of matter, hence momentum ;::‘.‘,‘;
S
. Y. §
I transfer, hence a force exerted on the matter. The early treatments E"‘ﬁ!
o S o
o . o P
= of this phenomenon claimed forces linear in n-1, hence in G. Sub- &c\ﬂ
iy W
: .
. sequent analysis, however, has revealed that the first order effects 3‘§;3
- P
' in fact cancel leaving a force which is quadratic in G and hopelessly ~ L
> GGy
L o
- sma . ?J:',;J‘A_
.-: rl-‘:-\';'
> ?\'.& &
‘-\ ) . .'- \-
S Neutrinos can also exert a ccherent torque on (i.e., transfer Culnl
' L
:ﬁ angular momentum to) the spinning electrons of a polarized medium. V;§$
N '\I‘,\ \
{q Early and late analyses confirm that this torque is linear in G. " i:
[y - n.'
-."_ . > ) . ‘ﬂ':i*‘,
-, With S the total spin anguiar momentum of a body (a ferromagnet, Yy,
' 1
=N Pt S
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say), F the neutrino flux, h the reduced Planck constant, c the
speed of light, one has for the torque on the body

v 2 G

+ >
=21 < & L,
ho S x F (L. 1)

~J
]

Although first order in G, this is nevertheless a very tiny torque,

beyond foreseeable mechanical detection by many orders of magnitude.

The interaction of neutrinos and electron spins, described

(" BTG al s ok & PSP ARIPUNNE il il athlafal s 0 g gt g

mechanically by the above torque, may also be pictured in terms of an

[l O

=

cquivalent magnetic interaction: namely, the electron responds as if

v~ v
-

subjected to an external magnetic field

* 2V 2 Gm 2
= ——  F 4.

it S NLAL S SR

where m i{s the mass, e the charge of an electron: For a ferromagnet
of permeability u, this generates an induction field 5 = uﬁ. As
with the mechanical torque, this i{s much too small to be detectable
by foreseeable means., To snhow how undetectable it is, we present

here a quantitative estimate of the induction effect, assuming that

Y the detector is of the type suggested in the 1984 Raytheon proposal.
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Suppose that the neutrino source is a 107 MW thermal reactor.

The reactor produces about 102] neutrinos per second. At 10 m from
the reactor, the mean neutrino density turns out to be about

103 per cm3 . This {s alsc the maximum neutrino density at

162 km from a 1 MT explosion, assuming that the neutrinos are
emitted in a 1 sec pulse. Thus {t seems to us that the ability to

3 3

detect neutrinos at a number density cf 10~ per cm” is a minimum

requirement.

The Raytheon proposal is to detect the small magnetization
induced in a permeable medium by the effective magnetic field due to

a flux of neutrinos. Roughly speaking, that field is

B (4.3)

Y

where GF is tne weak interaction constant, p is the neutrino

density, and N is the electron magnetic moment. The total effec-
tive magnetic flux through a sample of area A, in units of the flux

quantum ¢O = he/e , s

. 2l
0/@0 = BEFFA/(hc/e) G.p meA/h . (4. 4)

F

3.3

Using our reference value for p of 10 em ° and A ~ 1 cm2 , Wwe find

4-3
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-19
N ) u,

The induced magnetic flux is u¢ where u is the permeability of the
magnetic material. Taking wu -~ 103 ags an upper limit on achievable

permeability, we have

-16
) u,
®mvoucep £ 10 % (4.6)

According to the Raytheon proposal, current SQUIDs have an

internal noise of 10-15 WD/mz/MHZ or, if the SQUID is taken to have

dimensions of order 1 cm2, an internal rlux noise of

T oo//ﬁE . In order to detect a signal of size 10710 ¢, » an

integration time of 102A sec i3 required! Although special purpose

SQUIDS can certainly be built with a better noise figure than the

4
above, there is no hope of recovering a factor of 102 .

For completeness, we willl analyze the noise limits on a mechan!-

cal detection scheme, noct proposed by Raytheon, which seems slightly

more favorable.,

The weak neutral current interaction implies that if a body of

total spin angular momentum 3 is placed in a neutrino beam of direc-

& tion n and density p , it experiences a torque

¥

-4

o slod A A g W A o A o e o N Ty

AR R R U R R ORGSR A L L S G S UL P N R L g L AL G SN P Y C RN T
) > > \\u'f\ ."\ A f\ \ Py \'\- A

(ol A WP B 1% W P W AN

L%

L™

'l— .
Y
.‘\t\

G

;w
5

75
)

~
¥

5

P &)

_ §-5~
P ?1‘,’,"
g Eﬁ%’w s

—
5,“
2

4§ 5N
e

S
PR s

<Y

v
’Kr

2

5

xx 8
‘
AL

SR Y
s
X

T,
“»

%

”

&
X

&s#é?qggé.l
LEATEY <

.V

A
£

Ll

-’.;'
&

‘p W

A




B o BrEIe ol LR e

A

PO N A N
ol R

2

Al

@ VI
Y

B YUY
AP

A

-

|'<'
LS

!f‘q [} '11 l.v.’;.Tr ' rﬁwlj.'.r:r,r.'lv’:r%

‘adin 8e 8 e s a.0%0.0s N T R Y N O o N P S o O O S o R T A S W S O W

Ly x ]
nonox J (4.7)

where k {s a constant of order 1 depending on the detailed composi-
tion of the body. For purposes of {llustration, we assume that the
spins are rigidly coupled to thz body so that the interaction with
the neutrinos produces an acceleration of the body as a whole. The
maximum spin density of iron is roughly 2 x 1023 ] (cm—3) . The
maximum torque on a 1 cm3 sample in our reference neutrino beam is
therefore

23

3 23 er

e (2 x 10°° n/zem”) ~ 2 x 10

g . (L. 8)

The corresponding maximum angular acceleration of the body will be

) -23 __ -2
& ax JUx 10 sec (4.9)

(assuming a moment of inertia equal to 5 gm cm2 ) and the maximum

linear acceleration of a point on the body will be

- -23 _ -2
A ox Lox 10 cm-sec (4.10)

(assuming a maximum linear dimension of 1 cm). Note that {f L is the
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linear dimension of the body, the torque scales as L~ and the moment
of inertia scales as L5, so that a and a scale as
max max
-2 -1

L and L respectively. There is an advantage to using small
detectors in this scheme, but a gain of a few powers of ten will not,

as we shall see, solve our problems.

Is there any hope of measwing such a tiny macroscepic accelera-
tion? Virtually the same problem arises in the study of mechanical
gravity-wave antennas and in the new field of attempts to measure the
hypothetical axion-mediated force between macroscopic bodies. We
have consulted a recent (excellent!) PhD thesis on this subject by J.
Moody to learn the current state-of-the-art. The main problem is

thermal noise, whose level i3 given by

4 KT )‘/2

atherm -\ *
mtt

(4.11)

where 1 is the observation time, 1* is the system relaxation time
and m is its mass. We will take T = 1 mK and m = 1g. Because of the
nature of the signals we wish to detect, we must take 1 ~ 1 sec (a
narrower bandwidth would be better, but we don't see how to get

it!). Nobody Kknowa how high r* can go in a low temperature mechani-
cal system constructed out of perfect crystals: 1* = 108 sec is

certainly posaible, and optimistic estimates (taken from Moody's

4-6
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thesis) suggest that 1t =10 3 sec might be obtainable with much
*
hard work. Taking the optimistic value of 1 = 10133 , We get a

thermal noise limit of

-16 2
CH 10 em/s . (4.12)

This 1s seven orders of magnitude greater than the signal level pro-
duced by our reference neutrino source, from which we conclude that

coherent neutrino detection by mechanical means is hopeless.

The Moody thesis covers other detection schemes than the one
discussed above, but the conclusion is the same. As a reading of the
Moody thesis will indicate, there {s strong physics interest in
developing schemes for measuring accelerations in the 10-22 cm/s2
area, ana perhaps DARPA should keep an eye on the field, against the

day when a bright idea will make it possible. That day will

certalnly not dawn for many years.
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5.0 COHERENT DETECTION BY BRAGG REFLECTION

}

l

\

‘ The purpose of this section is to obtain a qualitative under-
N standing of coherent effects in the scattering of neutrinos by
crystals. These are the effects which are supposed to be exploited

in the Weber experiment (described in Section 3) and in other schemes

for coherent quadratic detection. To simplify the discussion, we Ny

ignore in this section the internal dynamics of the crystal. We cal-

TENCOCS, SER

el
culate the neutrino scattering produced by a perfectly rigid crystal- ®
y S
-ﬁ line lattice without internal degrees of freedom. The effects of the :i
B N
i: internal dynamics of the scatterer will be properly taken into Eg;g
e
ﬁ account in the more accurate calculations of Sections 7 and 8. e
' LA
’l
& o
:: We consider first the elastic scattering of a neutrino by a &:F
“\ Q«:r]
ii crystal. A neutrino of energy E and wave-vector Kk with Xt
-.'J
-\'}l
o [k| « (E/nc) (5.1)
P__.
Fon
r«-l’ .
A will be scattered by a single atcm with cross-section g'ﬁ
ﬂ‘.;

.\J- "-‘: -
Q
)
@
o

1‘
<
1y

2
.‘\. c = AE N (5.2)

] s
R B

NN

L)
hl

the coefficient A being of the order of magnitude
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A~ (G°/ n“c“) ~ :o'“(cmz/Mevz), (5.3)

where G is the Fermi coupling constant. The incoherent scattering

from N atoms will be

= Nao = NAE . (5. 4)

In principle, one might obtain a much larger cross-section by
using as scatterer a perfect crystal of N = n3 identical atoms in a
cubic lattice. The differential cross-section for coherent scatter-
ing into the state with wave-vector p is

o, = (AEZ / ) F(p - k) (5.5)

d

where F(q) is the form-factor of the lattice. F(gq) is a function of
the vector q having sharp maxima at the vertices of the reciprocal

cubic lattice. The reciprocal lattice has spacing
b = {2n/a) , (5.6)

where a is the lattice-spacing of the crystal. Each maximum of F(q)

is a blob with a peak value




N =n (5.7)

ard a volume of the order of

"
ii
L
.-"‘ [b/n)3 . (5-8)
-
S
P
”
The condition for a coherent Bragg reflection is that one of the
%ﬁ blobs of the form-factor F should intersect the sphere
A\q’
;-9 | p| = (E/ ne) . (5.9)
Fav
w.
&
:g: When this condition is satisfied, the differential cross-section
Y.
v
according to (5.5) is
04 = (AE2N2 / 4n) . (5.10)
. 8 24 .
For a macroscopic c¢rystal with n =107, N = 10", and a neutrino

energy E = 1 MeV, the cross-section (5.10) is

04 ~ 103 cmz/steradian . (5.11)

The large cross-section may give a misleading impression that the

scattering should be easily detectable.
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In fact the experimentally relevant quantity is not the
differential cross—-section but the total cross-section integrated
over a blob. The blob occupies a solid angle of order

[ b \2=(hc \‘2

nak - (5.12)

on the surface of the sphere (5.9), and the total coherent cross-

section 1s therefore

A52N2 he .2
¢ « — (—=)

c hn nak

4/3

N A(mcra

y
—c [G/hca)2 -~ 10 N cn® , (5.13)
for a crystal with lattice-spacing a - 10-8 cm. This cross-gsection
is no longer so impressively large. The ratio of coherent to inco-

herent scattering is by (5.4) and (5.13)

R = (¢ /0,) = /3 (hc/aE)2
c 1
- a3 1072 E%! )2 (5.14)
5-4
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This ratio could in principle be as large as 108 for neutrinos with

ok

554

energy of a few kilovolts.

7
2,

-~ v
N
e’

However, the Bragg scattering condition can only be satisfied by

:?
rAr

neutrinos for which the sphere (5.9) comes within a distance (b/n) of

_iij
) ll’

A as

some fixed reciprocal lattice-vector a. That is to say, the

L% T
.rl‘.'.f‘.
ALY

¢ LT ET

£,

neutrino wave-number k must satisfy

;_AE'

Y ¢ )
{J

|k +qf = |x] + €, je| < (b/n), (5.15)

“X

or

2|k|a|+ q 2. 2e|k| + e?, (5.16)

o
‘
s

x
e

Py
?'r"( =~

’.

CLSN
r‘l,'.’
sl A

where a is the component of a parallel to k. Differentiating
|

{5.16) while keeping q fixed, we find

de _ i B (1-cos@) (5.17) N
ak T Il ’ ' 348

where 6 13 the scattering angle, the angle between k and p. Since t

(4

"-J'
€ has to lie in the range (5.15), the Bragg condition can only be ﬂfﬁ*

satisfied for neutrinos which are monoenergetic within an accuracy

1
o
r 4

,,

AL

1/3

AE = N (hesa) (1-cosa) . (5.18)

"
é§5

There are now two cases to consider. If the scattering is in

'-‘r)‘

”l
.:

the forward direction with 6 = 0, the Bragg condition is satisfied E’
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for all energies and the bound (5.18) imposes no restriction. So for

L/3

forward scattering we have a total croas-section proportional to N
as in (5.13), without any restriction on the incident neutrino
energy. This N“/3 forward cross-section is merely the familiar
diffraction peak produced when a plane wave is diffracted by an

extended obstacle.

For scattering in any direction other than forward, the condi-
tion (5.18) means that cross-sections of order N“/3 can only be
obtained for neutrinos which are monoenergetic to within an accuracy
of order N“1/3, For any incident flux of neutrinos with a broad
energy-spectrum, the enhancement factor N'/3 in (5.14) is cancelled
out by the factor N'”3 in (5.18). For broad-spectrum neutrinos such
as those arising from fission-product decay in reactors, the coherent
¢ross-section averaged over the energy-spectrum is equal to the inco-
herent cross-section (5.4) similarly averaged. The use of a coherent

crystal scatterer gives no advantage.

The best known flux of monoenergetic neutrinos in nature comes

from the reaction

P+e+F+D=+y (5.19)

in the sun. These so-called Pep neutrinos have energy 1.4 MeV with a

thermal spread of the order of a kilovolt. According to (5.18) the

5-6
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coherent scattering is only enhanced within an energy-band of the s-"!.g-.ﬁ

order N

-1/3 N

AE ~ 10 N Kilovolts |, (5.20)

anc the thermal spread is far too broad for the enhancement to be

signilicant, Other possible sources of monoenergetic neutrinos, such

as the electron-capture decays of N and O15 produced in carbon-

13
cycle reactions in the sun, also have energies in the MeV range and
energy-spread due to thermal Doppler effect in the Kilovolt range.

In all cases the enhancement given by (5.14) will be unobservable.

To conclude this discussion of elastic scattering, we may sum-
marize it by saying that enhanced ¢ross-sections proportional to Nu/3
can occur only under two conditions. Either the scattering is
forward and transfers no momentum to the scatterer, or we are in a

condition of true Bragg reflection and the neutrinos must be mono-

” . . . .
¢ energetic. In tne first c¢ase, the scattering is unobservable because
- it produces no change in the state of the scatterer or of the
¢ neutrino. In the second case the scattering is unobservable because Goarat
LR S
RN
v we nave no adequately monoenergetic sources. DANGOAY
< ‘J_;.-:‘.-:"
¢ R N
"t ) . . . RER
-° It is of some interest to generalize the foregoing discussion to r‘“-;
>, . , PALATR
" elastic transmutation processes. Here "elastic" means that the ﬁukaﬁ
% A
y) . . N . ) et
} interaction does not change the internal state of iLhe scatterer, IS W
: ™ ’\ *\
s RN
A LS N
g @
7 w3,
) 5-7 NN "
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Y whi’e "tranamutation" means that the interaction changes the internal >
state ¢of the scattered particle. We suppose then that an incident Moy

particle, which may cr may not be & neutrinc, has rest-mass M, and is W,

e T ] -‘#:-‘)‘J‘ ,

‘-

transmuted by the scatterer into an outgeoing particle with rest-mass - ®

LA by

M'. In the case of a neutrino capture reaction such as (1.7), M is Ny

)

zero and M' is the rest-mass of an election.

LSRN
L

v

The single-atom cross-section (5.2; then becomes o,

hD
P
7

SIS

g, = AE2 (v'/v). (5.21) ;\I:I

o pE N N

AJ

-

'
-

where TRRS

"k
- .- -.- '.- ..I {l .

o
v' = (he|p|/E), v = (hc|k|/E) (5.22) N

‘Q
X

£ 1

are the velocities of the outgoing and Incident particles. We assume s

et - &
f Ll
2.4
A

that the scatterer absorbs no eriergy, so that P

e
D
oy
PR
N,

L

2 4 2.2

Mc' ¢+ h"cT|k|® = M"Tc + ne (5.23)

2 ! 2 2
| lp}=.

XN X
I.(
A

The condition for a Bragg reflection is the same as before, only now Y
b‘\'

P

the solid-angle (5.12) becomes

X ’ 2 2 Ny
ne (5.24) N

. b
. (r\—ﬁ)—r) = (naE-—v_'_-) '

'k
ML R

PO
A ]
-

ol

fa o]
Lty

L]
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and the coherent cross-section (5.13) becomes

Y
oLy
A

.
X >
< ® s

A\,

,’u
<

M)
n,

P
S
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= nNW3 (Gz/hzazv v') . (5.25)

7
2.

C

 ©

2

The surprising and novel feature of (5.25) is that we can in prin-

T
=5

clple obtain enormous coherent cross-sections by making the velocity

v' of the outgoing particle very small.

-
P g8

&
“20e

IC =
2
N

CYES

How large can the coherent cross-section become? The formula

{5.25) cannot be correct all the way to v' = 0. In fact (5.25) fails

=X

when the outgoing wave-vector p {8 so small that the solid angle

(5.24) becomes larger than unity. The maximum cross-section is

e

ottained when |p| is of the order (b/n). This means that the entire

sphere

SN

[k +q|] = |p| (5.26)

e eI
e ‘:r'-'z:?.'
NN

Y]
0
g

lies iinside one of the blobs surrounding the reciprocal lattice-

" T]"

vector a, and so the total scattering cross-section is just the

L4
A
(s

7

differential cross-section multiplied by the total solid angle

- ‘- iy Ryl
AN A A
5
&

Ly, The total cross-section is then by (5.21)

)
P
L4

s
o

®

~ %K
- 4
A J

2 2.2 .,
o, = N 9, ANTES (v'/v) . (5.27)

-

.
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P
L
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Since |p| is of order n LY 1/J, (v'/v) is also of order N 1/3, and

'&
Y

<
e 1

(5.27) gives

B
,‘- A 'v, 2]
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P
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:i So we find unexpectedly that it is possible to obtain total cross- NE:
L4
X'
' sections of order NS/3 for transmutation processes, if the energy of g%é
,ﬁx the incident particle is fine-tuned to give a Bragg reflection very S?E
A » ]
Yo ;\_,:
33 close to zero outgoing velocity. The existence of this artificial ;::
-t p‘ i

X,
»
]4’.

N3/3 singularity for transmutation processes turned out to be the

e

é main obstacle which we had to overcome in proving theorems to set F":
: W™,
P frasn
': firm upper limits to cross-sections. Any theorem which says that 326
'l:\ u / P&ﬁ
g cross—-sections can at most be of order N or N 3 must have an escape L d
o ) LoV
- clause to avoid the zero-outgoing-velocity singularity. g&k
N y
g o
~:§ The most useful way to avoid the N5/3 singularity is to average
. o4
;g' cross-sections over the energy E of the incident particle. Since the Fﬁﬁ:
..-. ;4\' .
. e

| s
ND’3 singularity occurs only for an exceedingly narrow range of

~ vt
>
P/

J“:'
»

energies, it will disappear from the averaged cross-sections.

e
s

s
o

N ad
R In the case of a transmutation process, the condition for a \)”g
NS
;é Bragg reflection becomes ilnstead of (5.13) ;{5$
- Sy
o« YL
! "'I‘j
N Ik +a| = |p| *+ e, lel < (orm), (5.29) N
N Z;-"'-.;:
e N
- L,
ot When we differentiate (5.29), using the energy equation (5.23) to L"ﬁ
o
> determine the relation between |[k| and |p|, we obtain instead N
) ‘rl-k
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The range of energy over which the Bragg condition can be satisfied

v
= cos 6 - (;T) . (5.30)

then becomes

v v!
v-v' cos 6

aE = N3 (nsa) < ) . (5.31)
For an energy-averaged cross-section we must multiply the Bragg-
reflection cross-section (5.25) by the energy-range (5.31). The

result 1s

o = 21°N (Gz/ha3) (v-v*' cos e)'1 . (5.32) ¥ rid

o]

7
EﬂoEi

e

In the energy-averaged cross-section, both the factor Nu/3 and the

i e

2

singular factor (v')'1 have disappeared. There is no longer a
groblem of an artificially enormous cross-section at small values of
v', All that is left in (5.32) 13 a singularity at o =0,

v' =v. This singularity is the familiar and physically reasonable
forward peak in the elastic¢ scattering cross-section, the same peak
wnich appeared in (5.18). The peak in forward elasatic scattering
does not depend on Bragg reflection and is unaffected by averaging
sver the incident energy. In order to get rid of this forward peak,

ore must look at quantities other than total cross-sections.
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An easy way to get rid of the forward elastic singularity in
(5.32) is to consider the transport cross-section, conventionally
defined as the integral over angle of the differential cross-section
multiplied by the factor (1 - cos 6). The (1 - cos 8) cancels
the singularity of (5.32). We thus obtain an energy-averaged trans-
port cross-section which is uniformly finite and proportional to N.
We shall prove in Sections 7 and 8 that energy-averaged transport
cross-sections are rigorcusly bounded with a bound proportional to
N. The example considered in this Section 5 shows that no stronger
statement can be true. Both the energy-averaging and the

(1 - cos 8) factor are necessary in order to obtain a bound propor-

tional to N.

Another way to get rid of the forward elastic singularity is to
consider inelastic processes in which the scatterer absorbs energy
from the incident particle. It is convenient to define an inelastic
cross-section as the integral of a differential cross-section
multiplied by the factor (1 - (E’/E)), where E° is the energy of the
outgoing particle, E the energy of the incident particle. The
inelastic cross-section then measures the rate of transfer of energy
to the scatterer, just as the transport cross-section measures the

rate of transter of momentum.
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6.0 THEORETICAL UPPER BOUNDS: MAIN RESULTS AND IMPLICATIONS

We are now entering the domajn of rigorous mathematics. We wish
to obtain reliable upper bounds for the size of cross-sections for
the interaction of neutrinos with a detector containing a large
number N of atoms. We are concerned with four kinds of cross-

section. Differential cross-sections,

o {(k,k') dQ'dE’',

for interactions in which an incident particle with wave-vector k {s
converted into an outgoing particle with direction in a small solid
angle d@' and energy in a small interval dE' around the out-going
wave-vector k'. Total cross-sections, obtained by integrating (6.1)

over energy and angle,

op(k) = ff o (k,k') daa' dE’

Transport c¢ross-sectlicns, obtained by integrating the differential

cross-section with the weighting-factor (1-cos @),

0.,(K) = [[ o (k,k') (1-cos 8) da' dE',




where @8 1s the angle between k and k', Inelastic cross-sections,
obtained by integrating (6.1) with the weighting factor

(1 - (e'/E)) .
oK) = [ o (kik) (1 (E'/E)) dn dE . (6. 4)

The total cross-section is not a measwable quantity since it
includes the large diffraction peak at forward angles. Forward elas-
tic scattering nas no observable effect either on the neutrinc or on
the scatterer. All real detectors are effectively measuring either
the transport or the inelastic cross-section. The Weber detector,
which i8 designed to detect directly the momentum transferred from
neutrinos to the scatterer, is measuring the transport cross-
section. Bolometric detectors are directly measuring the inelastic
cross-section defined by (6.4). Radiochemical detectors are measur~
ing the cross-section for a single reaction which is included in
(6.4). The liquid-argon detector measwres cross-sections for various
processes which are also included in (6.4). Any detector which
detects the recoil energy in neutrino scattering events (s effec-
tively measuring (6.4). Every detector, real or contemplated,
measures a cross-section which is bounded either by the transport or

by the irelastic cross-section.
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We have seen in Section 5 that coherent effects can produce
differential cross-sections of order N2. This happened in the
example of scattering of neutrinos by a rigid crystal lattice. In
that example, large singularities also appeared in total and

transport cross-sections. There were three distinct types of

singularity.

Type A. Forward angle peak due to elastic diffraction. This
produces
4/3

oT(k) ~ N ) GTR(k) ~N. (6.5)

Type B. Ordinary Bragg-reflection peak. This gives

i L 3
cT(k) oTR(k) N . (6.6)

Type C. Bragg-reflection peak with outgoing velocity close to
zero. This gives

5/3

OTW) -0 RW) - N . (6.7)

T

Jur tneorems are designed to demonstrate that all observable

cross-sections are bounded by bounds of order N. The theorems must
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therefore be formulated in such a way that all three types of singu-
larity disappear. By working with OTR and OIN rather than OT we
make the Type A singularity disappear, but types B and C still
remain. To remove the Types B and C singularities, it turns out to
be sufficient to deal with cross-sections averaged either over the
incident energy or over the incident angle. Thus we consider the

quantities

1
Avg oTR(k) =) UTR(k (xE)) dx (6.8)

and
1

Avg pe(k) = —= [ oo (ko) da (6.9)
where k(xE) means a wave-vector parallel to k but corresponding to a
particle of energy (xE) instead of E, and kQ means a wave-vector
with direction @ and magnitude |k|. We define in the same way the
averaged total and inelastic cross-sections. If a neutrino source
has a finite energy band-width B with maximum energy EM, then it will
give a transport cross-section bounded by

(EM/B) Aon (k) . (6.10)

TR

And similarly, irf a source has a finite angular size with solid-angle

A, then it will give a transport cross-section bounded by

6-4
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(4%/4) AvQ oTR(k) . (6.11)

So our bounds for (6.8) and (6.9) will give bounds for ail transport
; ¢ross-sections for nzutrino sources which are spread over finite

ranges of energyv or angle,

The bounds which we have established are summarized in

Table 6-1. All these bounds are best possible, as shown ty the
example which we studied in Section %. The four bounds proportional

to N prove that no observable neutrino cross-sections can be signifi-

cantly greater than the standard incoherent atomic cross-sections.

RN
In particular, they imply that Weber's detector cannot have the per- tn’-jﬂ
P % e
r.\_.-\a'f‘\
formance which Weber claimed for it. And they imply that the esti- ﬁnjt;\
Pod
ﬂ'& e,
mates calculated in Section 2 for the search-rate of an ideal inco- ’"’3!5
. Y
herent detector are equally valid for coherent detectors. F;‘;:g
A
:l“dl.,x:')V‘)
. . . . PN .Y
The question-mark in Tabie 6-i means that we have not been able ’{Z"ﬁkﬂ
to establish the true upper bound for inelastic¢c c¢cross-sections at ig{gﬁg
Fomaa
fixed energy and fixed angle. Tnhis remains a problem for the ‘xj\:
(oo
ROy
future. We conjecture that inelastic crosa-sections at fixed energy F:'g':

and angle are bounded with a bound proportional to N, but we failed
to find a proof. The calculations of Section 5 gave no information

about inelastic cross-sections, since they referred only to

6-5




TABLE 6-1

THEORETICAL BOUNDS TO NEUTRINO CROSS—-SECTIONS
FOR A MACROSCOPIC DETECTOR CONTAINING N ATOMS

Total Transport Inelastic

Fixed Angle
Fixed Energy N>/ 3 N5/3 ?

Fixed Energy fﬁn}
Smeared Angle Nl'/3 N N P %

Fixed Angle Y/ o
Smeared Energy N 3 N N

4

These powers of N multiply the standard neutrino cross-section for a
single atom:
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scattering and tranamutation by a rigid lattice potential which had

no internal structure to absorb energy. All the processes considered

in Section 5 were elastic and gave zero contribution to the {nelastic

- cross-section (6.4). The true upper bound for inelastic cross- QS?'
. sections might, so far as we know, lie anywhere in the range from N Sﬁgg
l 573 »
~ to N . Fortunately, we can prove bounds of order N for inelastic fﬁg
N P
? cross-sections averaged over energy or over angle, and these bounds ;E;:
u e,
w )l\.h
? are sufficient for application to any real detector. :Qﬁs
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7.0 THEORETICAL UPPER BOUNDS: EXACT DEFINITIONS AND THEOREMS -

We wish to find firm theoretical upper bounds for the cross- ]
sections for the interactions of neutrinos with macroscopic A

objects. We assume that the interaction is represented by a local

coupling
a .
H(r) = GJ7(r) Ja(r) (7.1)
between the current J*(r) carried by the various particles in the

scatterer and the current Ja(r) carried by neutrinos. G is the

coup:ing constant of the weak interaction,

3

o
S

Ly
g

G =10 49 erg cm3. (7.2)

¢

e
WA
PSS

The weak current ju(r) has various components, converting an incom-
ing neutrino into an outgoing neutrino, electron or other species of e
N . :..,5,. "
lepton. We calculate cross-sections treating H(r) as small, working Ky
W
with first-order perturbation theory. That is to say, we are ignor- vy
ing poasible subsequent interactions between the outgoing lepton and e

the scatterer. At

TRNIOSN T S EE T D osmm

Y
%
r
s
«

We cz.culalte cross-—-sections for an incident neutrino with wave-

vector kK, energy E, and an outgeing lepton with wave-vector k¢,

<T v,
l.

A
'l
5 %

<N

energy E'. The momentum transferred to the scatterer is hq, where

T
'
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q =k - k', (7.3)

The matrix element of Ja(r) for this transition is

<ja(r)> = ja exp (iq - r), (7.4)

where Ja is a number independent of r and q. The interaction will
bring the scatterer from an initial state O with wave-number P, and
energy EO to a final state f with wave-numoer Pr and energy Ef.

Since momentum and energy are conserved,

"9 = P, T Pgy (7.5)

E-E'"=E, - E_. (7.6)

The matrix element of J%(r) for the transition will be

WJ%r)> = (0% . exp (-iger). (7.7)

fo

The matrix element (Ja) will be independent of r but will depend

fo
in a complicated tashion on the internal 3tructure of the scatterer

in the initial and final states. It is important to observe that
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is also formally independent of q, although in fact q is
determined by (7.5) as soon as the initial and final states o0 and f

are specified.

Puttinrg together (7.1) witn (7.4), we have for the matrix

element of H(r; in the transition
<H(r)> = \'K(r)>fO exp (ige+r), (7.8)
K(r) = Gja J*(r). (7.9)

This K{(r) is an operator acling upun Lne scatlerer only, the neutrino
L°~t of the matrix element having been taken care of by (7.4). 1In
fact K(r) is a local current operator describing the structure of the

scatterer at the point r.

We wish ‘0 make a minimum of assumptions concerning the internal
dynamics and structure of the 3caiterer. The essential requirement
is that the scatterer be an extended object of finite density so that
the effects of the local operator K(r) are not too highly concen-
trated in space. It will turn out that all we need to know about the
structuwe of the scatterer is contained i{n the auto-correlation

function
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, (7.10)

A(r,r') = C K(r) K(r") )oo

the expectation-value in the initial state of the scatterer of the
product of two local currents at r and r'. The notion that the
scatterer is an extended object of finite density is expressed mathe-
matically as follows. The autoccrrelation function is a sum of two

parts, one bounded and the other short-range.

A(r,r') = B(r,r') + S(r,r') , (7.11)
| B(r,r*)| < c%? (7.12)
If S(r,r') dr'| < 029 , (7.13)

where p 1is an upper bound to the density of particles in the
gcatterer, The snort-range part S(r,r') will have a singularity at

r = r' cue to the operation of the two operators K(r) and K(r') on
the same particle in the scatterer. The long-range part B(r,r') has
no singularity since it arises from the operation of K(r) and K(r!')
on different particles. The conditions {7.:2) and (7.13) express the
requirement that the particles in the scatterer are nowhere concen-

3

trated more densely than p particles per cm”.
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The only other condition which we impose upon the scatterer is

that its initial state O should be the ground-state. Thus

E, >E (7.14)

for every final state f. This condition is not physically realistic,
since any real scatterer will be at a finite temperature. It would
be possible to avoid the assumption (7.14) at the cost of some addi-
tional mathematicai complication in ow proofs. The practical excuse
for assuming (7.14) is that the thermal energies of particles in the

scatterer are very small compared with neutrino energies.

The differential cross-section for the transition from incident

wave-number Kk tc outgoing wave-number k' 1is

b2
o{k,k') = ;_—-T Zf G(Ef- EO' E+ E")
vy
| f dr < K(r) > exp(iq-r)l2 . (7.15)
fo '

Here v,v' are the velocities of the incident and outgoing leptons,
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hv = ﬁ = _hzcza nv* = .g.g'_ = hzczb W
da E ! "~ db E' ' .
a = |k|], b=|k'| . (7.16)

According to (6.2), this cross-section is differential in both angle
and energy of the outgoing particle. The total cross-section is
obtained from (7.15) and (6.2), the transpcrt cross-section and the

inelastic cross-section from (7.15;, (6.3) and (6.4).

In order to formulate ow theorems, it i3 convenlent to define a }:gf;
NG
AN,
nunber of other weighted cross-sections with various weights. These )’):g
- ,f-
are as follows: §m
)
NGNS
- X
0, () = [[ o (k) J——m-l- da'dE’, (7.17)
0o (k) = [ ¢ (k,k") (1= (&) cos 6] dn'dE’ (7.18)
B ] v J » .
1] k‘. 1 L
o () = [[ o Ge,kn) [1 - At cos 3] datcE’, (7.19)
V'
= ' —_— tAR
o, (k) = f[ o (k") () an'dE’, (7.20)
‘ BN, V' (7.21) AN
= ' - — — ' t, AERPN
0,00 = [[ o (k) (1 - =) (=) dadE £
-
A
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.
,: It happens that OF(k) is the quantity directly measured in a detec-
y tor of Weber type which observes the force exerted on the scatterer
> by the neutrinos. The other four cross-sections are those which
.
,i arise naturally in the proofs of our theorems. The operation of
v
-; energy-averaging and angle-averaging are defined for these cross-
o, sections as in (6.8) and (6.9). Our theorems are then:
l
o2
" Theorem 1. Avoa,(k) < Noj, (7.22)
k>
o
N )
?{ Theorem 2. AonB\k) < N02, (7.23)
-
AWM
fad 4
. Theorem 3. o (k) <N /3 0, (7.24)
R v 3
v‘\.‘
o
o2y
I,\-‘
Yorl Theorem 4. cw(k) < Nou. (7.25)
Cfﬁ
{: Here N is the number of atoms in the scatterer, and 010 02, 03, 9y
LAY
ﬁkf are microsccpic cross-sections which depend on the local density and
v composition of the scatterer but are independent of N.
o
3
‘ﬁﬁ
'ﬁtﬁ The v:rious ci-oss-sections are related by inequalities which are
A

easy to verify.
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oT(k) < o

OTR(k) < 2

oB(k) < 20

to the following sev

Corollary 1.

Corollary 2.

Corollary 3.

Corollary 4,

Corollary 5.

U NI AW KRN AR w N o M 7 Cd KA WA K o K OB AN

oIN(k) < oF(k) < oA(k)

0p(K) < og(k) + g (k) .

(k) + ov(k) .

oB(k) .

F(k) .

en corollaries.

Av UTR(k) < Ng

) 5°

Av aIN(k) < N°6'

t}

AVEOTR(k) < No

7°
AvEcIN(k) < N°8'

4s3
)
AonT(k. <N 0

L mg e N,

[ 3

) ®

'};}?igz
LIOCRE O K I W IR A S AI KA A KKIA U UANA & A KA K ANH

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

By virtue of these inequalities, the fowr theorems lead immediately

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)
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43, (7.36)

Corollary 6. AonT(k) < N 10°

5/30

Corollary 7. oT(k) < N (7.37)

117
In fact, Corollary 1 follows from (7.26), (7.29), (7.30) and
Theorem 1. Corollary 2 follows from (7.26) and Theorem 1. Corollary

3 follows from (7.29) and Theorem 2. Corollary U4 follows from
(7.26), (7.27) and Theorems 2 and 4. Corollary S follows from
(7.26), (7.28), (7.30) and Theorems 1 and 3. Corollary 6 follows
from (7.28) and Theorems 2 and 3. Finally, Corollary 7 folliows from
Theorem 3 and from the fact that the differential cross-section

o(k,k') can at most be of crder Ne.

The seven Corollaries (7.31) to (7.37) provide the basis for
each of the entries in the summary Table 6-1 of Section 6. All that
now remains for Section 8 is to supply the proofs of the four

theorems.

7-9

P . e v . P TR T ..
) AT e N Y P P G PR
L)

. . bl
> f W o L e 4,
N B SRSIALY, N N Y Y A S P Ml A e
RS MRS R D AP N e g AT LA S n Ca

ll“. Py
<
2

T 2 g o s
4, o
N
?e{é '®
G

AR &S
Nt
%NS

A

-y
B
.I .l
!' .
‘l
. .'
~ »

21
et
W

e’

MR
RS
& .
[N
P¥e SERG

.
)
.

Pk -‘

e
ARt
AL
'
\I:J‘.

.;‘:'g
4

A



LR 2 s WL U

AL, 3
hf{

o ,

» gi

. .

. >4

Y ot

' 7

{, n

kﬁ 8.0 THEORETICAL UPPER BOUNDS: PROQFS

A,
ﬂ%

8.1 Proof of Theorem | =

Q{ :ﬁ

ﬁ? When we substitute (7.15) into (7.17) and average over angle :&

o N

according to (6.9), the result is PJ

T

N

\l

« 7

%"

AonA(k) = jf d3q dE' (l%l) F(a,b,q) S(a,b,q) , (8.1)

with the factors F(a,b,q) and S{a,b,q) defined by

O Y O

Fla,b,q) = [ dyk dik' 6 (|k|2-a2) a(lk'lz-bz) S3(k-k'=a) , (8.2)
o~
}U
l~l
b -
Sva,b,q) = —— IJ dr dr' expliq < (r-r')] ﬂf

7ah vv!
L, < K(r") >0 € K(r) >f0 6(Er-Eo-E+E') . (8.3)

ol s e aqancs  Load

Both F and S are evidently positive. Therefore we may ootain upper

bounds to (8.1) by replacing F(a,b,q) by anything larger.

LS )

-
L™

The integrations in (8.2) are easy to do, and are left as an

=,

exercise to the reader. The result is .

F(aybrq) = Ei%r (8'“) %)
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J.‘:. F(a,b,q) =0 . (8.6)
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if the triangle inequalities
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la-b| < |q] < a+b (8.5)
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are satisfied, and otherwise
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Therefore we may insert (8.4) in (8.1) with the g-integration

X
<

extended over the sphere
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lq] < 2a . (8.7)
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Now by (7.16),

1,

4

i:!’
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1
E
- B o552 (8.8)
he hc

% S
<

&d

SN
ESA Fors

v
ALY

L4
I.
'l

«

processes. When we use (8.8) to replace (b/v') by (a/v) in (8.3}, T

e’

S{a,b,q) is no ionger dependent on E' except for the §&-function hAS

Y. -
'f’i‘:'i

factor. After this replacement, the integration over E' in (&.1) .
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P
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becomes trivial and the é&-function in (8.3) disappears. The sum SN
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over final states in (8.3) can then be performed by using the sum-

LY \’:’2

rule

>/

A S

~F

zf < K(r") >Of < K(r) >ro = < K(r') K(r) )oo' (8.9)

.
\-

'

After these manipulations, (8.1) implies

1
AV, 0, (K) < - [ aza [[ ar ar:

explig + (r-rY)] A(r',r), (8.10)

where A(. ',r) is the autocorrelation function (7.10),

We now make use of the decomposition (7.11) and the bounds

‘ (7.12), (7.13). In the part of (8.10) involving B(r',r), we extend

‘(T
Ny

the g-integration to infinity and use the i{dentity

i a0 g I
4'5-_'.:".'*-
v

3

f d3q exp [iq *» (r-r')]) = (27)° &(r-r') . (8.11)
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In the part involving S(r',r), we use the inequality

, K% R 5 W

ey,
Ps

"

I

ALY 3
. IJ d3q expliq - (r_r')]i < 32;a '

(8.12)
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the right side being the volume of the sphere (8.7). We thus obtain

from (8.10), (7.12) and (7.13)

02a2

h2v2

16m
3

y 1233 [olar [pdr] . (8.13)

Av OA(k) < ( 3 A

fl

Here

2na” ! (8.14)

>
II

is the wave-length of the incident neutrino, and

he’(a/v) (8.15)

m
1

is its energy. Furthermore

Vaar (8.16)
is the volume of the scatterer, ana

N = pV (8.17)

is the number of particles contained in it. Thus (8.13) becomes

2.2
GE 4 1 3
Av _o,(k) < N (=) [5= + — pr7] . (8.18)
QA hucu 3 81r2
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We have proved Theorem 1, with ¢ equal to a sum of two terms

1

(8.19)

The two parts of the cross-section o, correspond exactly to our
physical expectations for the incoherent and coherent scattering of
rieutrinos by an assemblage of particles with density op. The first
part is just a typical cross-section for the scattering of neutrinos
by a single particle. Multiplied by N, it gives the incoherent
scattering by N particles. The second part in (8.19) {s the cross-
section for coherent scattering by particles within a volume of order
A3. Multiplied by N, it gives the c¢ross-section for coherent
scattering by N particles. Two particles can contribute coherently

to tne angle-averaged c¢ross-section only when they are within a

neutrino wavelength from one another.

8.2 Proof of Theorem 2

Wnen we substitute (7.15) into (7.18) and average over energy

according to {6.8), the result is
avg o (k) = ff djq do R(q,8) S(q,8) , (8.20)
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with the factors R(q,4) and S(q,4) defined by

g
ffi'.

%)
s
5 %
[A04

R(q,8) = L, 6(E.~E_-8) [[ ar ar'

3
‘

Ny
I .
<
"

exp(iq *+ (r-r')) < (K(r") >ot‘ < K{(r) >fo’ (8.21) ‘@

S(q,n) = ] f; dx (%) (v - %l cos 8) S(xE~E'-a) . (8.22) tfqex,'

anh
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In (8.22) the energy E' is implicitly a function of x, since

3 '\."r 'y

.
E P

g
ﬂ.
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<

2 4 2 2 21/2
E' = (M'“c” + h%e“(k-q)°) (8.23)
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with kK defined by

Lay
,3-

4 22, V2
XE = (M%c’ + n%e%k%) . (8.24) e

v /R 5 R LA ARLARSE P YL RN

3 22 7o
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The definition (6.8) of energy-averaging implies that the incident g

[
oo

.

e

wave-vector k keeps its direction fixed while its magnitude varies

‘l' -

with x according to (8.24). Differentiation of (8.23) and (8.24) (,ﬂ:,

LAP SSETES S O |

then gives .
'\l
N

dE' = hv' cos® dk, Edx = hvdk , (8.25) ;b&?d}
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and therefore

of%

“»
N o
N de' . v' V

: ra }3(v ) cos8 , (8.2¢6) _::
s ™y
¥ ‘:-r:.

d—(xE-E' -4A) =E Q1 -!—'-cose) . (8.27) ;‘.
A dx v
)
f.
':2
hY

::: The integration over the delta-function in (8.22) thus precisely

\.;,. cancels the factor (1 - (v'/v) cose) in the integrand. The result _—
{0

. P
A of the integration is :?‘::

, WS
jode

e S
] 1 ‘ﬂlﬁ
" s(q,8) = —5— (8.28) .9
" Un“mvE ey
I":n '\iq
L) }'
LAY %

R -::} if the equation ﬁ
AN -{7
o N/
o XE - E' - 40 (8. 29) "-Ié
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o o
has a solution between x = 0 arnd x = 1, and zero otherwise. There ,.:.
W ‘2T
I L)

::‘_ cannct be more than one solution since the derivative (8.27) is posi- :,'-{‘

N {-_'_n

I,- ‘4:".1
.t:x tive. We now use the fact that for a neutrino v = ¢, so that S‘,--:.:
o, S
s ) 2
RO S(q,4) ¢ —— , (8.30) >
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When (8.30) is substituted

;S into (8.20), the integration over A& 18 trivial and the sum over
i. final statas can be performed using (8.9) as before. The result is
~

ard

t

trhe bound being independent of q and

A

.
CAZAL WL WY

AvE

IAA

——%——- f d3q fj dr drf

o (k) <
B Ln"mcE

exp [1q ¢+ (r-r")] A(r',r) . (8.31)
The bound here {s {dentical with (8.10) apart from a factor of 2, and
the proof of Theorem 2 frem tnis point on i{s the same az the proof of
Theorem 1.

.3 Proof of Theorem 3

Let u be a unit vectoar pointing in an arbitrary direction. For
any 2ther veztlor 3such as v, we denote by vl the component ¢
parallel to u, and by vl the component of v perpendicular to u. We
shall study the weighted cross-section

vl
- '.fj ¢ (k,x') |—vlj 40" dE! 18.32)

whnen uu(k) i3 averagen over all directions of u, the result ls
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holds for at most two values of ql. Therefore (8.34) implies
2 )
0, (k) ¢ =5 /] d,q d8R(q,2) (8.38)
hv

The integration over A 1is (8.21) can now be done trivially, and the

sum over final states f i{s done using (8.9). Then (8.38) becomes

[
| 2 e
0 (k) ¢ —— d dr dr! :
. u - h2V2 J qu "I Y
| ;
i expliq « (r-r")] A{r' 1) . (8.39) :
! @
| PN
: The parallel component ql sti)i appears in (8.39), being defined Q:‘f&;
X Dy
‘ implicitly by the equation (8.37). But since the whole expression Deﬂ'
(8.21) 18 positive definite, tne inequality remains valid if we g AV

replace the complex phase-factor

eXptiql(r~r')I] (8.40)

by unity.

We now divide A(r',r) into {is two parts according to (7.11-,

and eatimate the two pirts scparately as we did in dealing with
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(8.10). We have instead of (8.11)
I dqu exp [1ql- (r-r*)] = (21:)2 é(r-r')L ) (8.41)

and instead of (8,12), since ql now lies within a circle of radius

a,
| I dqu exp[iql-(r~r')]l < na2. (8.42)

After these maneuvers, (8.39) with (7.12) and (7.13) implies

[
1
.
'3

2.2 2
GE A 2

ou(k) < (—M—_—E) [-‘é II p 62(r‘-r")l dr dr'
he

2m

+ 5= [oar] . (6.43)

It remains only to average over the directicn u. A simple calcula-

tion gives
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The integral

e

)

S (8.46) RN
|r-rt| s
et

X

extended over the volume of the scatterer (s equal to

S v“/3 (8.47)

1

:;‘-h-’l ot

\*.-\"\. '
where V is the volume of the scatterer and S is a numerical factor %J:F o

e

depending on its shape. So finally (8.45) with (8.16) and (8.17) bég,"
LS,
). ®
implies AN,
NG

v
Y

77
&

0 2.2 2/3 -:-.,
o ()« (BB 5 (3 T3l (8.148) NN
v . hucu 203 K g

This completes the proof of Theorem 3. The division of the bound
(8.48) into coherent and inconerent contributions occurs exactly as
in the case 0% Theorem 1., As should be expected on physical grounds,

only the coberent contribution is proportional to N“/3.
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8.4 Proof of Theorem U
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The proof of Theorem 4 follows the same lines as the proof of

]

Theorem 3. The only change is that the factor (1-(E'/E)) appears

s

in (7.21). This factor will then appear as an additional factor

s
el
('I
',r
)

:"?74

E.-E
f o
- = (8. 49)

e

in (8.34) and in the definition (8.21) of R(q,A). Now we can
absorb this factor into the matrix elements in (8.21) by using the

identity

e o v @ TN Y. T T T, T
mic

(E

.-" .
JJK

w2

r-so) < K(r) >fo = < L{r) >fo' (8.50)
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where L(r) is the commutator

5
5.

Lm0 4 o
AT i o
&%

. {Q .

5%

T
add

L(r) = [H, K(r)] (d.51)
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and H {s the HKamiltonian operator of tne scatterer. L(r) will be a

%%
};b,
s

s

lccal current operator like K(r). P

As in the proof of Theorem 3, we introduce instead of (8.32) *;fQ’\
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ot (k) = [[ atik,k) (1 = &2 || an' e (8.52)
80 that

g (k). (8.53)

Then we obtain instead of (8.39)
o' (K) ¢ —533— J 929 ff ar are
u h v'E
exp [iq * (r-r*)] A'{r',r) , (8.54)
with

1 t - . b
A'(r',r) = < K(r') L(r) > 00 (8.55)
fnstead of (7.10)., We might now go on to separate A'(r', r) into
two parts, one bounded and one short-range, as in (7.11). But this
{s unnecessary. Since q 18 only an integration-variable, the value
of (8.54) is unchanged when we replace q by (-q). Since q, r and r!'

are ccupled only in the exponential phase-factor, the value of (8.54)

.
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ts still unchanged when we change (-q) btack to q and interchange r
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and r'. Therefore (8.54) remains true if we use the definition
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A'(r',r) =

ol —

< K(r') L(r) + K(r) L(r") > 00 (8.56)
for A'(r',r) instead of (8.55). But the definition (8.51) of L(r)
enables us to write the operator on the right of (8.56) as a sum of

three commutators

1

K(r') L{r) + K(r) L(r') = 3 (H, (K(r') K(r) + K(r) K(r')))

- 3 LL(r), K(r)3 = SLLGrT), K(m)] (8.57)

The tirst commutator contributes nothing to the expectation value,

and therefore

At(r',r) = - % <L), K(r)D + [LGrt), K(r)] O . (8.58)

Now L(r) and K(r') are both local cwrents, and so their commutator
is zero for r = ', In fact the commutators in (8.58) are not
merely short-range, they are zero-range in (r~-r'). Thus A'(r',r) is

a local current-density at r multiplied by a delta-function or a

derivative of a delta-function of (r-r'). The long-range part of

A'(r',r) i{s absent.
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Tn=> proof of Theorem 4 proceeds from this point ornward like the
crocf of Theorem 3, but with the long-range coherent term absent on
ti.e right side of (8.43), (8.45) and (8.u48). At the end we obtain

instead of (8.468)
ow(k) < Nf =/ (8.59)

wnere f 15 a numerical factor depending on the local behavior of the

operaters L(r) and K(r). Since the definitions (7.20), (7.21) lmply

6 (k) < a (k) , (8.60)
W =y

tre incoherent part of ov(k) will te an upper bound for ow(k).

and tnerefore (6.59) holds with f = (1/7). This completes the

proof of Theorem 4.
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